Quantization of the Geodesic flow on Quaternion Projective Spaces by Furutani, Kenro
ar
X
iv
:m
at
h/
03
07
26
6v
1 
 [m
ath
.D
G]
  1
9 J
ul 
20
03
QUANTIZATION OF THE GEODESIC FLOW
ON QUATERNION PROJECTIVE SPACES
KENRO FURUTANI
Contents
Introduction 1
1. Quaternion projective space and a Ka¨hler structure 3
2. Pairing of polarization 8
3. Quantization operator I 13
4. Quantization operator II 24
5. The reproducing kernel 26
References 28
Abstract. We study a problem of the geometric quantization
for the quaternion projective space. First we explain a Ka¨hler
structure on the punctured cotangent bundle of the quaternion
projective space, whose Ka¨hler form coincides with the natural
symplectic form on the cotangent bundle and show that the canon-
ical line bundle of this complex structure is holomorphically trivial
by explicitly constructing a nowhere vanishing holomorphic global
section. Then we construct a Hilbert space consisting of a cer-
tain class of holomorphic functions on the punctured cotangent
bundle by the method of pairing polarization and incidentally we
construct an operator from this Hilbert space to the L2 space of
the quaternion projective space. Also we construct a similar opera-
tor between these two Hilbert spaces through the Hopf fiberation.
We prove that these operators quantize the geodesic flow of the
quaternion projective space to the one parameter group of the uni-
tary Fourier integral operators generated by the square root of
the Laplacian plus suitable constant. Finally we remark that the
Hilbert space above has the reproducing kernel.
Introduction
In the paper [FT] we explicitly constructed a Ka¨hler structure on
the punctured cotangent bundles of complex and quaternion projective
Key words and phrases. quaternion projective space, Ka¨hler polarization, geo-
desic flow, pairing of the polarization, geometric quantization, Hopf fibration.
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2 KENRO FURUTANI
spaces whose Ka¨hler form coincides with the natural symplectic form
(see [Ii2], [Sz1], [Sz2] and also a quite recent paper [Sz3]). This Ka¨hler
structure is also invariant under the action of the geodesic flow with
respect to the Fubini-Study metric for the case of complex projective
spaces and the metric defined through the Hopf fibration for the case
of quaternion projective spaces, respectively. Then in the paper [FY]
we applied this structure to construct quantization operators of the
geodesic flow on complex projective spaces, by pairing polarizations
(see [Ra1], [Ii1]). In this paper we construct a similar operator for the
quaternion projective space by the same method as [Ra2] and [FY]
(Theorem 3.2). We also construct a quantization operator by making
use of the Hopf fiberation S4n+3 → P nH. These two operators do not
coincide.
Most parts of this paper are devoted to the concrete determination of
fiber integrations in terms of the Gamma function. These arise from the
pairing polarization (Ka¨hler polarization and the vertical polarization)
on the punctured cotangent bundle of the quaternion projective space.
Similar to the cases of the sphere and the complex projective space,
the operators we construct here are not unitary, however, in a sense,
asymptotically unitary (modulo a constant multiple (=
√
2
pi
, indepen-
dent of the dimension, Proposition 3.8)).
The case of the sphere was treated earlier by [Ra2]. What remains
among the compact symmetric spaces of rank one for which we want to
construct a quantization operator of the geodesic flow, or more precise,
an exact quantization operator of the bicharacteristic flow of the square
root of the Laplacian is only the case of the Cayley projective plane.
We will treat that case in a separate paper. See also [F].
In § 1 we summarize standard properties of the quaternion projec-
tive space and introduce a Ka¨hler structure on the punctured cotan-
gent bundle of the quaternion projective space with a slight modifi-
cation from [FT]. In § 2 we give explicit calculations of the pairing
of the Ka¨hler polarization and the vertical polarization on the punc-
tured cotangent bundle of the quaternion projective space. Especially
we give a relation arising from the Hopf fibration between the Liouville
volume forms on the cotangent bundle of the sphere and the quaternion
projective space.
Based on these data, in § 3 we construct a quantization operator
which maps a certain class of classical observables to L2-functions on
the quaternion projective space. In § 4 we construct another quantiza-
tion operator by making use of the Hopf fibration and give a relation
between these two quantization operators. Finally in § 5 we note the
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existence of the reproducing kernel of the Hilbert space consisting of a
certain class of holomorphic functions which is constructed in § 3. Here
we can represent it only in the form of power series.
1. Quaternion projective space and a Ka¨hler structure
In this section we describe a Ka¨hler structure on the punctured
cotangent bundle of the quaternion projective space.
Let H be the quaternion number field over the real number field R,
which is generated by {e0, e1, e2, e3} with the relations eiej given by
the table
(1.1)
e0 e1 e2 e3
e0 e0 e1 e2 e3
e1 e1 −e0 e3 −e2
e2 e2 −e3 −e0 e1
e3 e3 e2 −e1 −e0
In this paper we regard Hn as a rightH-vector space with the H-inner
product
(1.2) (h, k)
H
=
n∑
i=1
θ(hi)ki
where h = (h1, . . . , hn), k = (k1, . . . , kn) ∈ Hn and θ(x) = x0e0 −
x1e1 − x2e2 − x3e3 for x =
3∑
i=0
xiei ∈ H. Then the R bilinear form
〈h, k〉 = 1
2
{(h, k)
H
+ (k, h)
H
} on Hn defines a Euclidean inner product
on Hn as a real vector space. We will denote its extension to the
complexification Hn ⊗ C as a complex bilinear form with the same
notation 〈 · , · 〉.
Let M(n,H) be the space of n× n H-matrices, and for X = (xij) ∈
M(n,H) define respectively
θ(X) = (θ(xij)),(1.3)
(tX)ij = xji,(1.4)
trX =
∑
xii,(1.5)
TX = θ(tX).(1.6)
Each matrix X ∈ M(n,H) defines a right H-linear map X : Hn →
Hn, and we have
(1.7) (Xh, k)
H
=
(
h, TXk
)
H
.
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The group Sp(n) is then defined as a group consisting of those matrices
X ∈M(n,H) which preserve the H-inner product.
The space H(n,H) = {X ∈ M(n,H)|X = TX} is called a Jordan
algebra with the Jordan product
(1.8) X ◦ Y = 1
2
(XY + Y X).
Note that forX ∈ H(n,H), trX ∈ Re0 = R andH(n,H) is equipped
with a Euclidean inner product given by
(1.9) 〈X, Y 〉
R
= tr(X ◦ Y ).
The inner product has the property:
(1.10) 〈X ◦ Y , Z〉
R
= 〈X, Y ◦ Z〉
R
.
As is well-known, the quaternion projective space P nH is the set of
all H-one-dimensional subspaces in Hn+1. Here we identify P nH with
the subset in H(n+ 1,H):
(1.11) P n(H) = {P ∈ H(n+ 1,H) | P = (piθ(pj)),
p = (p0, . . . , pn) ∈ Hn+1, 〈p, p〉 = 1}.
We consider the Riemannian metric on P nH defined through the
Hopf-fibration pi : S4n+3 → P nH, where S4n+3 = {h ∈ Hn+1 | 〈h, h〉 =
(h, h)
H
= 1} has the standard metric.
Let us denote the isomorphism H→M(2,C)
(1.12) H ∋ h 7−→
(
x0 +
√−1x1 x2 +
√−1x3
−x2 +
√−1x3 x0 −
√−1x1
)
∈M(2,C)
by ρ and we denote with the same notation ρ its complexification
(1.13) H⊗ C
ρ≃→M(2,C).
Now we introduce the following spaces:
ES = {(p, q) ∈ Hn+1 ×Hn+1 | 〈p, p〉 = 1, 〈p, q〉 = 0,
q + p(q, p)H 6= 0}.
The space ES is Sp(n + 1)-invariant and also invariant under the
right action of Sp(1).
E0S = {(p, q) ∈ Hn+1 × Hn+1 | 〈p, p〉 = 1, q 6= 0, (q, p)H = 0},
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EH =
{
(P,Q) | P,Q ∈ H(n+ 1,H), trP = 1, P ◦Q = 1
2
Q,Q 6= 0
}
,
E˜S =
{
(B0, . . . , Bn) ∈ M(2,C)n+1 | z ∧ w 6= 0,
∑
detBi = 0
}
,
where Bi ∈ M(2,C) takes the form Bi =
(
z2i w2i
z2i+1 w2i+1
)
, and z =
(z0, . . . , z2n+1), w = (w0, . . . , w2n+1).
E˜0S =
{
(B0, . . . , Bn) ∈ E˜S |
∑
BiB
∗
i = −J
∑
Bi
t
BiJ
}
,
where J =
(
0 1
−1 0
)
and the condition
∑
BiB
∗
i = −J
∑
Bi
t
BiJ can
be rewritten as
∑
z2iz2i+1 + w2iw2i+1 = 0.
E˜H = {A ∈ M(2n + 2,C) | JA = tA J, rankA = 2, A2 = 0}.
Here we denote by J
J =

J OJ
. . .
O J
 ∈M(2n + 2,C).
We will define the norm of a matrix A = (aij) ∈ M(n,C) by ‖A‖ =√∑ |aij|2 =√tr(AA∗) and the norm of an element B ∈ E˜S by ‖B‖ =√∑ ‖Bi‖2.
Remarks 1.1. The inner product 〈 · , · 〉
R
on H(n+1,H) is the restric-
tion of the R-bilinear form
1
2
tr(XTY + Y TX) on M(n+ 1,H) and can
be extended to M(n+1,H)⊗C ∼= M(2n+2,C) as a complex bilinear
form in a natural way. We will denote this bilinear form by
〈 · , · 〉
C
:M(n + 1,H)⊗ C×M(n + 1,H)⊗ C→ C.
Then the Hermitian inner product onM(n+1,H)⊗C ∼=M(2n+2,C) is
given by
〈
A,B
〉
C
and the norm of A ∈ M(2n+2,C) ∼=M(n+1,H)⊗C,
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which we introduced above, equals ‖A‖ =
√
2
〈
A,A
〉
C
, that is
〈
A,A
〉
C
= 1/2 · tr(AA∗).
Next we define the maps α, β, piH, piS, τS and τH among these spaces:
α : ES → EH
∪ ∪
(p, q) 7−→ (P,Q), P = (piθ(pj)), Q = (piθ(qj) + qiθ(pj))
β : E˜S → E˜H
∪ ∪
(B0, . . . , Bn) 7−→ A = (Aij), Aij = −BiJ tBjJ
piS : ES → S4n+3
∪ ∪
(p, q) 7−→ p
piH : EH → P nH
∪ ∪
(P,Q) 7−→ P
τS : ES → E˜S
∪ ∪
(p, q) 7−→ (B0, . . . , Bn),
Bi = ρ(‖q‖ pi ⊗ 1 + qi ⊗
√−1), ‖q‖ =
√
(q, q)
H
τH : EH → E˜H
∪ ∪
(P,Q) 7−→ A = (Aij),
A = ‖Q‖2 (ρ(Pij))− (ρ(Qij))2 +
√−1√
2
‖Q‖ (ρ(Qij)) .
Of course EH is identified with the punctured tangent bundle of P
nH.
The Riemannian metric gH on P
nH defined through the Hopf fibration
is given by
(1.14) gH(Q1, Q2) =
1
2
< Q1, Q2 >R=
1
2
tr(Q1 ◦Q2)
for (P,Q1), (P,Q2) ∈ EH.
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Remarks 1.2. (1) Let (p, q) ∈ ES. Then 4 ‖q‖2 = ‖B‖2(B =
τS(p, q)).
(2) Let (P,Q) ∈ EH, then Q3 = 1/2 ‖Q‖2Q, 2 ‖Q‖4 = ‖A‖2(A =
τH(P,Q)).
(3) Assume that (p, q)H = 0, that is (p, q) ∈ E0S, then we can easily
show that 2 ‖q‖2 = ‖Q‖2(α(p, q) = (P,Q)), Q2 = 2 ‖q‖2 P +
(qiθ(qj)) and β
∗(‖A‖) = 1√
2
‖B‖2(A = τH(P,Q), B = τS(p, q)).
Also we have gH(Q,Q) = ‖q‖2 for (P,Q) = α(p, q) with (p, q) ∈
E0S.
ES is an open subspace of the tangent bundle of S
4n+3. It consists of
those vectors which are not parallel to the fiber of the Hopf-fibration.
The map τS(resp. τH) is an isomorphism between the spaces ES and
E˜S (resp. EH and E˜H). Also we have τS(E
0
S) = E˜
0
S and
Proposition 1.3. (1) E0S is Sp(1)-invariant, and E˜
0
S is SU(2)-
invariant,
(2) the following diagram is commutative:
(1.15)
S4n+3
piS←−−− E0S τS−−−→ E˜0Sypi yα yβ
P nH ←−−−
piH
EH
τH−−−→ E˜H.
(3) the map τS commutes (on ES) with the action of Sp(1)
ρ≃→
SU(2).
Remark 1.4. The maps β ◦τS and τH ◦α do not coincide on the whole
space ES.
By the Riemannian metric we identify the tangent bundle of the
sphere S4n+3, respectively the quaternion projective space P nH with
their cotangent bundle. Both spaces ES and EH can be seen as complex
manifolds through the maps τS and τH. Then we have
Proposition 1.5. Let ωS and ωH be the symplectic forms on the cotan-
gent bundle of the sphere S4n+3 and the quaternion projective space,
then
ωS = τ
∗
S
√−1 ∂∂
√√√√ n∑
i=0
‖Bi‖2
 ,(1.16)
ωH = τ
∗
H
(
2
1
4
√−1 ∂∂
√
‖A‖
)
.(1.17)
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In fact we have more precise relations:
Proposition 1.6.
(1.18)
√−1τ ∗S(∂ ‖B‖ − ∂ ‖B‖) = 2 θS
(1.19)
√−1τ ∗
H
(∂
√
‖A‖ − ∂
√
‖A‖) = 2 34 θPnH
where θS( resp. θPnH) is the canonical one-form on the cotangent bun-
dle T ∗S4n+3(resp. T ∗P nH).
Proof. We only show (1.19). The formula (1.18) is proved more directly.
By using the formulas in Remarks 1.1, 1.2 and a property (1.10) of
the Euclidean inner product in the Jordan algebra H(n+1,H), we can
make the following calculations:
τH
∗(∂
〈
A,A
〉1/4
C
− ∂ 〈A,A〉1/4
C
)
= 4
√−1√
2
〈‖Q‖2 P −Q2, d(‖Q‖Q)〉
C
= −
√−1√
2
〈Q, dP 〉
C
.
Then we have the formula (1.19) by adjusting constants according to
the definition of the Riemannian metric (1.14) on P nH. 
When we consider the action of SL(2,C) = ρ({r ∈ H ⊗ C | r θ(r) =
1}) on E˜S from the right, we have
Proposition 1.7.
(1.20) β : E˜S → E˜H
is a principal fiber bundle with the structure group SL(2,C).
2. Pairing of polarization
We will denote by G(resp. GS) the positive complex polarization on
E˜H (resp. E˜S) defined by the Ka¨hler structure (Proposition 1.5), that
is the sub-bundle consisting of tangents of type (0, 1), and by KG
H
(resp.
KGS ) its canonical line bundle. In this section we will describe a nowhere
vanishing holomorphic global section of the canonical line bundle KG
H
,
and then we determine explicitly the pairing of polarizations on E˜H.
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Let Z be a vector field on M(2,C)× · · · ×M(2,C)︸ ︷︷ ︸
n+1
\{0} defined by
(2.1) Z =
1
‖B‖2
(
2n+1∑
i=0
∂D
∂zi
∂
∂zi
+
2n+1∑
i=0
∂D
∂wi
∂
∂wi
)
where we denote B = (B0, . . . , Bn) ∈ M(2,C) × · · · × M(2,C) and
Bi =
(
z2i w2i
z2i+1 w2i+1
)
as before and D =
∑
detBi
We define a (4n+ 3)-form σS on M(2,C)× · · · ×M(2,C) \ {0} by
(2.2) σS =
1
(2
√−1)2n+2 iZ (dz0 ∧ · · · ∧ dz2n+1 ∧ dw0 ∧ · · · ∧ dw2n+1)
where iZ denotes the interior product with the vector field Z.
Since dD(Z) ≡ 1,we have
(2.3) (2
√−1)2n+2 · dD ∧ σS = dz0 ∧ · · · ∧ dz2n+1 ∧ dw0 ∧ · · · ∧ dw2n+1
and the restriction of σS to
∑
detBi = 0 is holomorphic and nowhere
vanishing. We will denote the restriction of σS to E˜S with the same
notation.
Let
(√−1 0
0 −√−1
)
,
(
0 1
−1 0
)
and
(
0
√−1√−1 0
)
be elements in
su(2) ⊂ sl(2,C). We denote by Y1, Y2 and Y3 the vector fields on E˜S
corresponding to these three elements respectively defined by the action
of SL(2,C).
Let us consider the 4n-form σ on E˜S given by
(2.4) σ = iY3 ◦ iY2 ◦ iY1(σS).
Then σ is a holomorphic 4n-form, is invariant under the action of the
group Sp(n+1) on E˜S from the left and is SL(2,C)-invariant from the
right. Also note that det(Adg) = 1 for any g ∈ SL(2,C). So there
exists a unique nowhere vanishing holomorphic 4n-form σH on E˜H such
that
(2.5) β∗(σH) = σ.
This 4n-form σH gives a holomorphic trivialization of the canonical line
bundle KG
H
of E˜H, and is Sp(n+ 1)-invariant.
Let V1, V2 and V3 be three vector fields on the sphere S
4n+3 corre-
sponding to the elements e1, e2 and e3 in sp(1) ⊂ H defined through
the action of Sp(1) from the right. Let vS be the volume form of the
Riemannian metric on S4n+3 and denote the volume form on P nH by
vH.
10 KENRO FURUTANI
We define three one-forms η1, η2 and η3 on S
4n+3 in such a way that
ηi(Vj) = δij(2.6)
ηi(V ) = 0 for any V ∈ TS4n+3(2.7)
which is orthogonal to Vj (j = 1, 2, 3).
Now we have the following relations among these vector fields, one-
forms and volume elements:
pi∗(vS) = 2pi2vH,(2.8)
2pi2pi∗(vH) = iV3 ◦ iV2 ◦ iV1(vS),(2.9)
η1 ∧ η2 ∧ η3 ∧ iV3 ◦ iV2 ◦ iV1(vS) = vS.(2.10)
Here pi∗ means the fiber integration of the Hopf bundle pi : S4n+3 →
P nH.
Let θi = (piS ◦ τ−1S )∗ηi. We decompose θi into
(2.11) θi = θ
′
i + θ
′′
i
with the holomorphic component θ′i and the anti-holomorphic compo-
nent θ′′i in the complexified cotangent bundle T
∗(E˜S)⊗ C.
Then, we have
Proposition 2.1.
(2.12) θ′1 ∧ θ′2 ∧ θ′3 ∧ (iY3 ◦ iY2 ◦ iY1(σS)) = det(θ′i(Yj))σS.
on E˜S.
Put
(2.13) σS ∧ σS = ASΩS
and
(2.14) σH ∧ σH = AHΩH
where
(2.15) ΩS =
(−1)(4n+3)(2n+1)
(4n + 3)!
ω 4n+3S =
−1
(4n+ 3)!
ω 4n+3S
and
(2.16) ΩH =
(−1)2n(4n−1)
(4n)!
ω 4n
H
=
1
(4n)!
ω 4n
H
are the Liouville volume forms on T ∗S4n+3 and T ∗P nH respectively.
Then the invariance of σS and ΩS under the transitive action of the
group SO(4n+4) on the unit sphere in the tangent bundle TS4n+3 and
the invariance of σH and ΩH under the transitive action of Sp(n + 1)
on the unit sphere in the tangent bundle TP nH give
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Proposition 2.2.
AS = aS ‖B‖4n+1(2.17)
AH = aH ‖A‖2n+2(2.18)
with two constants aS and aH.
Again by the same reasons as above, we can put
(piS ◦ τ−1S )∗(vS) ∧ σS = BSΩS,(2.19)
BS = bS ‖B‖−1
and
(piH ◦ τ−1H )∗(vH) ∧ σH = BHΩH,(2.20)
BH = bH ‖A‖ ,
with two constants bS and bH. Then we have
Proposition 2.3.
(2.21) β∗
(
AH
BH
)
= det(θ′i(Yj))
AS
BS
on E˜0S.
Proof. By (2.5) and Proposition 2.1,
σS ∧ σS = ASΩS
=
1
det(θ′i(Yj)) det(θ
′′
i (Yj))
θ′1 ∧ θ′2 ∧ θ′3 ∧ θ′′1 ∧ θ′′2 ∧ θ′′3 ∧ β∗(σH) ∧ β∗(σH)
=
β∗(AH)
det(θ′i(Yj)) det(θ
′′
i (Yj))
θ′1 ∧ θ′2 ∧ θ′3 ∧ θ′′1 ∧ θ′′2 ∧ θ′′3 ∧ β∗(ΩH).
Then
det(θ′i(Yj)) det(θ
′′
i (Yj))AS iY3 ◦ iY2 ◦ iY1(ΩS)
= β∗(AH) iY3 ◦ iY2 ◦ iY1(θ′1 ∧ θ′2 ∧ θ′3 ∧ θ′′1 ∧ θ′′2 ∧ θ′′3) ∧ β∗(ΩH)
on E˜S, since β∗(Yi) = 0.
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On E˜0S we have by Proposition 1.3, (2.8), (2.9) and (2.10)
det(θ′i(Yj)) det(θ
′′
i (Yj))
BS
AS iY3 ◦ iY2 ◦ iY1
(
(piS ◦ τ−1S )∗(vS) ∧ σS
)
=
AS
BS
det(θ′i(Yj)) det(θ
′′
i (Yj)) iY3 ◦ iY2 ◦ iY1
(
(piS ◦ τ−1S )∗(η1 ∧ η2 ∧ η3
∧iV 3 ◦ iV 2 ◦ iV 1(vS)) ∧ σS)
=
2pi2AS
BS
det(θ′i(Yj)) det(θ
′′
i (Yj))
iY3 ◦ iY2 ◦ iY1
(
(piS ◦ τ−1S )∗ (η1 ∧ η2 ∧ η3 ∧ pi∗(vH)) ∧ σS
)
=
2pi2AS
BS
det(θ′i(Yj)) iY3 ◦ iY2 ◦ iY1
(
θ1 ∧ θ2 ∧ θ3 ∧ β∗ ◦ (piH ◦ τ−1H )∗(vH)
∧θ′′1 ∧ θ′′2 ∧ θ′′3 ∧ β∗(σH)
)
.
Here θi should be understood as restricted to E˜
0
S. Now we have the
following equality on E˜0S:
β∗(AH)iY3 ◦ iY2 ◦ iY1(θ′1 ∧ θ′2 ∧ θ′3 ∧ θ′′1 ∧ θ′′2 ∧ θ′′3) ∧ β∗(ΩH)
=
2pi2AS
BS
det(θ′i(Yj))iY3 ◦ iY2 ◦ iY1(θ′1 ∧ θ′2 ∧ θ′3 ∧ θ′′1 ∧ θ′′2 ∧ θ′′3) ∧ β∗(BHΩH).
Since iY3 ◦ iY2 ◦ iY1(θ′1 ∧ θ′2 ∧ θ′3 ∧ θ′′1 ∧ θ′′2 ∧ θ′′3) 6= 0, we have
(2.22) 2pi2
AS
BS
det(θ′i(Yj)) = β
∗
(
AH
BH
)
on E˜0S. 
By (2.17) to (2.20) and ‖B‖2 = √2β∗(‖A‖) on E˜0S we have
Corollary 2.4.
(2.23) 2pi2
aS
bS
det(θ′i(Yj)) =
(
1√
2
)2n+1
aH
bH
.
Hence det(θ′i(Yj)) must be constant on E˜
0
S.
Now we list the concrete values of these constants aS, bS, aH, bH
and det(θ′i(Yj)).
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Proposition 2.5.
aS = −
√−1,(2.24)
bS =
√−1,(2.25)
aH = 2
n−2,(2.26)
det(θ′i(Yj)) = 2
−3 = det(θ′i(Y
′
j )) = det(θ
′′
i (Y
′′
j )) on E˜
0
S,(2.27)
bH = − 1√
2pi2
.(2.28)
Here Y ′i (resp. Y
′′
i ) is the holomorphic (resp. anti-holomorphic) part
of the vector field Yi. Note that the value det(θ
′
i(Yj)) is not constant
on all of E˜S.
The calculations for the determination of these five constants are so
tedious that we do not write down the details here. They are made
by evaluating both sides of (2.13) (2.14) and (2.19) at a specific point.
Especially to determine the constant aH, we make use of the fiber
bundle structure stated in Proposition 1.7 to consider a suitable local
coordinate neighborhood in the space E˜H. Then we use the above
Corollary 2.4 to determine the constant bH.
Although it appeared in the proof of Proposition 2.3 we emphasize
the relation between the Liouville forms on T ∗S4n+3 and T ∗P nH:
Proposition 2.6.
(2.29) ΩS
=
β∗(AH)
AS
1
| det(θ′i(Yj))|2
θ′1 ∧ θ′2 ∧ θ′3 ∧ θ′′1 ∧ θ′′2 ∧ θ′′3 ∧ β∗(ΩH).
3. Quantization operator I
From now on we will omit the maps τH and τS for the sake of sim-
plicity.
In this section we construct an operator from a Hilbert space con-
sisting of a certain class of holomorphic functions on E˜H to L2(P
nH).
The symplectic form ωH defines a complex line bundle L on E˜H
(although this is topologically trivial) with the connection ∇. Since
dθH = ωH there is a trivialization of L by a section sH such that the
connection ∇ is given as
(3.1) ∇X(sH) = 2pi
√−1 〈θH, X〉 sH,
and since θH is real we can introduce an inner product on L such that
(3.2) (sH, sH)L ≡ 1.
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Again, by ωH = 2
1
4
√−1d(∂√‖A‖), we have another trivialization of
L by a global section tH such that the connection is expressed as
(3.3) ∇X(tH) = 2pi
√−1
〈
2
1
4
√−1∂
√
‖A‖, X
〉
tH.
Since tH = ϕ sH with a nowhere vanishing function ϕ, this function ϕ
must satisfy the equation
(3.4) d logϕ = 2pi
√−1(θH − 2 14
√−1∂
√
‖A‖).
From (1.19), we can take a solution of this equation
(3.5) ϕ = e−
4√2pi
√
‖A‖.
We denote this solution by ϕ0 and fix tH = ϕ0 sH henceforth.
Next we consider the canonical line bundle KG
H
and its square root√
KG
H
. For the canonical line bundle KG
H
we can introduce a connection
G∇ ”along the polarization” G in such a way that
(3.6) G∇X(f) = iX ◦ df, for X ∈ Γ(G), f ∈ Γ(KGH).
Note that iX(f) = 0 for X ∈ Γ(G), f ∈ Γ(KGH). Now, by making use
of this connection, we can also define in a unique way a connection on
the square root
√
KG
H
. We denote this connection by G∇ 12 .
From the pairing (2.14) and by (2.18) we define the pairing of
√
σH
by
(3.7) <
√
σH,
√
σH >=
√
|aH| ‖A‖n+1 ,
and introduce an inner product for φ = f · tH ⊗√σH ∈ Γ(L ⊗
√
KG
H
)
and ψ = g · tH ⊗ √σH ∈ Γ(L ⊗
√
KG
H
) (f and g are functions on E˜H)
by
(3.8) (φ, ψ) =
∫
E˜H
f(A)g(A) (tH, tH)L <
√
σH,
√
σH > ΩH
=
∫
E˜H
f(A)g(A) e−2
4√2pi
√
‖A‖|aH| 12 ‖A‖n+1ΩH.
Let us denote by ΓG(L⊗
√
KG
H
) the space of smooth sections which
are parallel with respect to the connection ∇⊗ Id + Id ⊗ G∇ 12 . Then
we have the isomorphism
(3.9) f ←→ f · tH ⊗√σH
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between the space of holomorphic functions on E˜H and ΓG(L⊗
√
KG
H
).
Note here that ∇X(tH) = 0 for X ∈ Γ(G). We denote by hGH the
completion of the space
{f · tH ⊗√σH | f is a polynomial onM(2n + 2,C) restricted to E˜H}
∼=
∞∑
l=0
PHl
with respect to the norm defined by the inner product (3.8), where PHl
denotes the space of polynomials of degree l onM(2n+2,C)(restricted
to E˜H). The spaces PHl and PHl′ are orthogonal for l 6= l
′
with respect
to this inner product (3.8).
Let F be the vertical polarization on E˜H ∼= T ∗0P nH defined by the
projection piH : T
∗
0P
nH −→ P nH. In this case we also have a connec-
tion ”along the polarization” F for the square root of the canonical line
bundle KF
H
in the same way as for the case of the Ka¨hler polarization
G, and we have the correspondence
(3.10) g ←→ piH ∗(g) · sH ⊗
√
piH ∗(vH)
between the space C∞(P nH) and the space ΓF(L ⊗
√
KF
H
). Again
here note that ∇X(sH) = 0 for X ∈ Γ(F). So we can define the inner
product on the space ΓF(L⊗
√
KF
H
) by
(3.11)
∫
PnH
g1(P )g2(P )vH
through the above identification (3.10), since we assumed that (sH, sH)L ≡
1 and
√
vH ⊗√vH = vH.
By (2.20) we define the pairing <
√
piH ∗(vH),
√
σH > as
(3.12) <
√
piH ∗(vH),
√
σH >=
√
|bH| ‖A‖
1
2 ,
then finally we define the pairing between the spaces ΓF(L ⊗
√
KF
H
)
and ΓG(L ⊗
√
KG
H
) as follows: Let ϕ = piH
∗(f) · sH ⊗
√
piH ∗(vH) and
ψ = g · tH ⊗√σH, then we define
(3.13)
〈ϕ, ψ〉 ≡
∫
E˜H
piH
∗(f)(A) g(A) (tH, sH)L <
√
piH ∗(vH),
√
σH > ΩH
=
∫
E˜H
piH
∗(f)g(A)e−2
1
4 pi
√
‖A‖√|bH| ‖A‖ 12 ΩH.
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The pairing above defines an operator T : g 7→ T (g) ∈ C∞(P nH)
for g ∈ C∞(E˜H) satisfying a suitable integrability condition, that is we
have ∫
PnH
f T (g)vH = 〈pi∗H(f) · sH ⊗
√
piH ∗(vH), g · tH ⊗√σH〉.
In fact we have
(3.14) T (g)vH = (piH)∗(ge−2
1
4 pi
√
‖A‖√|bH| ‖A‖ 12 ΩH),
the fiber integration of the map piH.
Let ∆H be the Laplacian on P nH with respect to the Riemannian
metric defined in § 2 and let {e−
√−1t
√
∆H+(2n+1)2}t∈R be the one param-
eter family of unitary and elliptic Fourier integral operators generated
by the square root of the operator ∆H + (2n+ 1)2.
The bicharacteristic flow {σt}t∈R of the operator
√
∆H + (2n+ 1)2 is
the Hamilton flow whose Hamiltonian is the square root of the metric
function and can be expressed as follows:
Proposition 3.1.
(3.15) σt : E˜H → E˜H, σt(A) = e−2
√−1tA.
Proof. Let Xg be the vector field on E˜H defined by the flow σt(A) =
e−2
√−1tA, and let h(A) = 2−3/4
√‖A‖(= square root of the metric
function on TP nH). Then by Proposition 1.5 we have for any vector
field Y on E˜H
ωH(Y,Xg) = 2
1/4
√−1 ∂∂
√
‖A‖(Y,Xg) = Y (h),
which proves the proposition. 
The geodesic flow restricted to the unit tangent sphere bundle of
P nH coincides with the Hamilton flow above under the identification
of the tangent bundle and the cotangent bundle by the Riemannian
metric.
From the theory of Fourier integral operators, we know that for each
t ∈ R the graph of the symplectic isomorphism σt is the canonical re-
lation of the Fourier integral operator e−
√−1t
√
∆H+(2n+1)2 . This corre-
spondence can be seen as a quasi-classical approximation. An opposite
is interpreted as a kind of quantization. Here we have a kind of exact
quantization of the flow {σt} by making use of the operator T : since
σ ∗t (σH) = e
−2√−1t(2n+1)σH and σ ∗t (tH) = tH, we should regard the action
of the flow {σt} on the Hilbert space hGH such that (σt)∗(f · tH ⊗
√
σH)
= e−
√−1t(2l+2n+1) f · tH ⊗√σH for each f ∈ PHl . Then we have
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Theorem 3.2. (1) The operator T is an isomorphism between the
spaces hG
H
and L2(P
nH).
(2) The following diagram is commutative
(3.16)
hG
H
σ∗
t−−−→ hG
H
T
y yT
L2(P
nH) −−−−−−−−−−−−→
e
−t
√
−1
√
∆H+(2n+1)2
L2(P
nH).
Remark 3.3. The Hamilton flow {σt} is periodic with the period pi.
However, the action {σ∗t } on hGH is periodic with the period 2pi and the
one parameter family of unitary operators {e−t
√−1
√
∆H+(2n+1)2} also
has the period 2pi.
We will prove this theorem by explicitly calculating the norms of the
operator T on each PHl ( Proposition 3.8 ).
Let us denote by Sk (k = 0, 1, . . . ) the space of harmonic polynomials
on Hn+1 ∼= R4n+4 of degree k, and by S0k the subspace of Sk consisting
of those polynomials which are invariant under the action of Sp(1) from
the right. The l-th eigenspace Hl of the Laplacian ∆
H on P nH with the
eigenvalue λl = 4l(2n+ 1 + l) is isomorphic to S02l by pi∗ : Hl ∼= S02l(pi :
S4n+3 → P nH), and S02l+1 = {0}. It is known that the dimension of Hl
is given by
(3.17) dim Hl =
2n
2n+ 1
l + 1
l + 2n
· (2l+2n+1) ·
(
Γ(l + 2n + 1)
Γ(2n+ 1)Γ(l + 2)
)2
,
and
(3.18)
∞∑
l=0
Hl = L2(P
n
H).
Here we note the important fact that for each fixed z ∈ Hn+1 ⊗ C
satisfying 〈z, z〉 = 0, the polynomial 〈p, z〉l of p ∈ Hn+1 ∼= R4n+4 is a
harmonic polynomial, and likewise we can prove
Proposition 3.4. For each fixed A ∈ E˜H, the polynomial 〈pi(p), A〉 lC
= 〈(θ(pi)pj), A〉 lC (l = 0, 1, . . . ) on Hn+1 ∼= R4n+4 is a harmonic poly-
nomial and Sp(1)-invariant.
Proof. It is enough to prove that the polynomial 〈pi(p), A〉 l
C
is harmonic
for a particular A ∈ E˜H because of the two point homogeneity of P nH
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by the isometry group Sp(n+ 1). Hence if we take a point A ∈ E˜H,
A = ρ


1
√−1 0 · · · 0√−1 −1 0 · · · 0
0 0
...
... O
0 0

 ,
then we have the result by an explicit calculation. 
Let Al be a map:
(3.19) Al : Hl → PHl
given by
(3.20) Al(ϕ)(A) =
∫
PnH
ϕ(P ) 〈P,A〉l
C
vH.
For f ∈ PHl let Bl(f) ∈ C∞(P nH) be given by the integral
(3.21) Bl(f)(P ) =
∫
E˜H
f(A)〈P,A〉l
C
e−2
4√2pi
√
‖A‖√|aH| ‖A‖n+1ΩH.
Then Proposition 3.4 guarantees that Bl maps PHl into Hl and we have
(1) Bl commutes with the action of Sp(n+ 1) on Pl and Hl.
(2)
∫
PnH
(Bl ◦ Al)(ϕ)(P ) · (ϕ)(P )vH
=
∫
|Al(ϕ)(P )|2 · e−2
4√2·pi·
√
‖A‖√|aH| ‖A‖n+1ΩH.
Of course the operatorAl also commutes with the action of Sp(n+1) on
Hl and PHl , so that the operator Bl ◦Al is a positive constant multiple
(= bl) of the identity operator. This constant bl satisfies
(3.22)
∫
E˜H
|Al(ϕ)(A)|2 e−2
4√2pi
√
‖A‖√|aH| ‖A‖n+1ΩH
= bl
∫
PnH
|ϕ|2 vH.
To determine bl we put
(3.23) Gl(P, P
′) =
∫
E˜H
〈P,A〉l
C
〈P ′, A〉l
C
e−2
4√2pi
√
‖A‖√|aH| ‖A‖n+1ΩH,
then
(3.24)
∫
PnH
Gl(P, P
′)ϕ(P )vH = blϕ(P ′), ϕ ∈ Hl.
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Now from the invariance Gl(gP
Tg, gP ′Tg) = Gl(P, P ′) for any g ∈
Sp(n+ 1), we have
(3.25)
∫
PnH
G(P, P )vH = bl dimHl = G(P0, P0)vol(P
n
H)
for any fixed P0 ∈ P nH, and we have
(3.26) bl dimHl
=
∫
E˜H
∫
PnH
|〈P,A〉
C
|2l e−2 4
√
2pi
√
‖A‖√|aH| ‖A‖n+1 vH ∧ ΩH.
Now the integral
(3.27) ‖A‖−2l
∫
PnH
|〈P,A〉
C
|2l vH = Il
is independent of A ∈ E˜H, so that we have
bl dimHl =
∫
E˜H
Il ‖A‖n+1+2l
√
|aH|e−2
4√2pi
√
‖A‖ΩH
= Il
√
|aH|2 32 (n+1+2l)
∫
T ∗0 P
nH
‖q‖2n+2+4l e−4pi‖q‖ΩH
= Il
√
|aH|2 32 (n+1+2l)
×
∫
S4n−1
∫ ∞
0
r2n+2+4le−4pirr4n−1 dr ∧ vS4n−1 ·vol(P nH)
= Il
√
|aH|2 32 (n+1+2l) 1
(4pi)6n+4l+2
×Γ(6n + 4l + 2)vol(S4n−1)vol(P nH).
Next we calculate the constant Il. To this purpose we choose a point
(P0, Q0) from EH:
P0 =

1 0 · · · 0
0
... O
0
 and Q0 =

0 1 0 · · · 0
1 0 0 · · · 0
0 0
...
... O
0 0
 .
When we put A0 = τH(P0, Q0), then
(3.28) |〈P,A0〉C|2 = (‖p0‖2 − ‖p1‖2)2 + 4 |〈p0, p1〉|2 ,
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where P = (piθ(pj)), (p0, . . . , pn) ∈ S4n+3 ⊂ Hn+1. So
(3.29) Il = ‖A0‖−2l
∫
PnH
|〈P,A0〉C|2l vH
= ‖A0‖−2l
∫
PnH
|〈P,A0〉C|2l ·
1
2pi2
pi∗(vS)
=
(2
√
2)−2l
2pi2
∫
S4n+3
((‖p0‖2 − ‖p1‖2)2 + 4 |〈p0, p1〉|2)lvS.
For the determination of the last integral on the sphere S4n+3, we
define a coordinate transformation Φ:
Φ : H2 ×D1 → Hn+1, (y,x) 7→ (
√
1− |x|2y,x),
where D1 = {x ∈ Hn−1| ‖x‖ < 1}. Then we can separate the variables
into two parts (y, x) in the last expression of (3.29) so that the constant
Il is equal to the following integral:
(3.30) Il =
(2
√
2)−2l
2pi2
∫
‖x‖<1
(1− |x|2)3+2l dx
×
∫
S7
((‖y0‖2 − ‖y1‖2)2 + 4 |〈y0, y1〉|2)lvS7,
where dx is the Lebesgue measure on Hn−1 ∼= R4n−4 and vS7 is the
volume element on the unit sphere S7 ⊂ H2 ∼= R8.
Let pi : H2 ∼= R8 → R×H ∼= R5 be the map
pi(y0, y1) = (‖y0‖2 , y0θ(y1)) = (t0, t1, t2, t3, t4).
Then pi realizes the Hopf fibration
pi : S7 → S4 =
{
(t0, . . . , t4)
∣∣∣∣∣
(
t0 − 1
2
)2
+
4∑
i=1
t2i =
1
4
}
,
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and we have a reduction of the integral on S7 in the above formula
(3.30) by the fiber integration to an integral on S4:∫
S7
(
(‖y0‖2 − ‖y1‖2)2 + 4 |〈y0, y1〉|2
)l
vS7
=
∫
S4
pi∗
((
(‖y0‖2 − ‖y1‖2)2 + 4 |〈y0, y1〉|2
)l
vS7
)
=
vol(S3)
24
∫
S4
(t20 + t
2
1)
l
vS4
=
vol(S3)
24
2pi
∫
t22+t
2
3+t
2
4<1
(1− t22 − t23 − t24)l dt2dt3dt4
=
vol(S3)vol(S2)
24
· 2pi · Γ(l + 1)Γ
(
3
2
)
2Γ
(
l + 1 + 3
2
) .
Hence we have
(3.31) Il =
(2
√
2)−2l
2pi2
· vol(S4n−5)Γ(2l + 4)Γ(2n− 2)
2Γ(2l + 2n+ 2)
× vol(S
3)vol(S2)
24
· 2pi · Γ(l + 1)Γ
(
3
2
)
2Γ
(
l + 1 + 3
2
) .
Finally the constant bl is expressed as
Proposition 3.5.
bl =
√|aH|
dimHl
2
3
4
(2n+2+4l) vol(S
4n−1)vol(P nH)
(4pi)6n+4l+2
Γ(6n+ 4l + 2)(3.32)
× (2
√
2)−2l
2pi2
vol(S3)vol(S2)
24
2pi
Γ(l + 1)Γ
(
3
2
)
2Γ
(
l + 1 + 3
2
)
× vol(S
4n−5)Γ(2l + 4)Γ(2n− 2)
2Γ(2l + 2n+ 2)
=
√
|aH| · 2−n/2+1 · pi−4l−3 · 1
(2l + 2n+ 1)2
× Γ(l + 1)
2Γ(l + 2)2
Γ(l + n + 1/2)Γ(l + n+ 1)Γ(l + 2n)Γ(l + 2n+ 1)
× Γ(l + 6n+ 2
4
)Γ(l +
6n+ 3
4
)Γ(l +
6n+ 4
4
)Γ(l +
6n+ 5
4
)
As a result we proved
Proposition 3.6. The operator 1√
bl
Al is a unitary isomorphism be-
tween the spaces Hl and PHl , and 1√blBl is the inverse.
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Next we consider the operator T ◦ Al : Hl → C∞(P nH).
Let ϕ ∈ Hl, then
(T ◦ Al(ϕ))vH
= (piH)∗
((∫
PnH
ϕ(P ) 〈P,A〉l
C
vH
)
e−
4√2·pi·
√
‖A‖√|bH| ‖A‖ 12 ΩH) ,
so put (piH)∗
(
〈P,A〉l
C
e−
4√2·pi·
√
‖A‖√|bH| ‖A‖ 12 ΩH) = Kl(P, P ′)vH, where
piH(A) = P
′ (exactly P ′ = piH ◦ τ−1H (A)). Then
T ◦ Al(ϕ)(P ′) =
∫
PnH
Kl(P, P
′)ϕ(P )vH.
Since Kl(gP
Tg, gP ′Tg) = Kl(P, P ′) for any g ∈ Sp(n + 1) and so
Kl(P, P
′) = Kl(P ′, P ) (since P nH is a symmetric space), we know
that for each fixed P ′ (resp. P ) the polynomial Kl(pi(p) , P ′) (resp.
Kl(P, pi(p
′)) on Hn+1 is a harmonic polynomial. Hence the operator
T ◦Al maps Hl into itself, so that T ◦Al : Hl → Hl is an intertwining
operator of the irreducible unitary representation of Sp(n + 1) on Hl.
Hence we can put
T ◦ Al = alId,
on Hl with a suitable constant al.
Proposition 3.7.
(3.33) al =
(2
√
2)
1
2
dimHl
Γ(2l + 4n+ 1)
(2pi)2l+4n+1
vol(S4n−1)vol(P nH) ·
√
|bH|
=
√
|bH| · 2
3/4
pi2l+3/2
· Γ(l + 1)Γ(l + 2)Γ(l + 2n+ 1/2)
(2l + 2n+ 1) Γ(l + 2n)
Proof. Since ∫
PnH
Kl(P, P
′)ϕ(P )vH = alϕ(P ′),
and by the invariance of the kernel Kl(P, P
′) = Kl(gP Tg, gP ′Tg), we
have∫
PnH
Kl(P, P )vH = al dimHl = Kl(P0, P0)vol(P
n
H), P0 ∈ P nH.
Let τH(P0, Q) = A, then
〈P0, A〉C =
〈
P0, (‖Q‖2 P0 −Q2)⊗ 1 + ‖Q‖√
2
⊗√−1
〉
C
=
1
2
‖Q‖2 .
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Hence
Kl(P0, P0)vH
= (piH)∗
((
1
2
‖Q‖2
)l
e−
√
2·pi·‖Q‖√|bH|(√2 ‖Q‖2) 12ΩH
)
.
Since the integrand on the fiber pi−1
H
(P0) is only a function of the norm
‖Q‖, we have
Kl(P0, P0) =
∫ ∞
0
t2l+1e−2pitt4n−1 dt vol(S4n−1)
√
|bH|(2
√
2)
1
2
=
(2
√
2)
1
2
(2pi)2l+4n+1
Γ(2l + 4n+ 1)vol(S4n−1)
√
|bH|.
Note here that ‖Q‖2 = 2 ‖q‖2 for (p, q)
H
= 0, α(p, q) = (P,Q) and
2 ‖Q‖4 = ‖A‖2, A = τH(P,Q). 
The proof of the commutativity in Theorem 3.2 is included in the
above arguments and now we have proved Theorem 3.2. We restate
the results more precisely in
Proposition 3.8. (1) The operator T is a constant multiple of a
unitary operator on each PHl .
(2) The norm of T on PHl is given by∥∥∥T|PH
l
∥∥∥ = al√
bl
(3.34)
=
√
bH
4
√
aH
· 2(n+1)/4 · Γ(l + 2n+ 1/2)
Γ(l + 2n)
×
√
Γ(l + n + 1/2)Γ(l + n + 1)Γ(l + 2n)Γ(l + 2n+ 1)
Γ(l + 6n+2
4
)Γ(l + 6n+3
4
)Γ(l + 6n+4
4
)Γ(l + 6n+5
4
)
(3) By an asymptotic property of products of the Gamma function
(see [Ra2])
(3.35) lim
l→∞
∥∥∥T|PH
l
∥∥∥ = √bH
4
√
aH
2
n+1
4 =
√
2
pi
,
which also proves that the operator T is an isomorphism between
the two Hilbert spaces hG
H
and L2(P
nH).
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4. Quantization operator II
In this section we describe another quantization operator T˜ : hG
H
→
L2(P nH). We construct it by making use of Proposition 1.7 (see [FY]
for the case of the complex projective space).
Based on the data explained in § 2 we can construct a quantization
operator for the case of the sphere S4n+3(for details see [Ra2]). We
denote this operator by T S. It is expressed as a fiber integration:
(4.1) T S(g)(piS(B))vS = (piS)∗(g(B) · e−pi‖B‖
√
|bS| ‖B‖−1/2ΩS),
where g is a function on T ∗0 S
4n+3 ∼= E˜S satisfying a suitable integrability
condition. Then the operator T˜ :
∑
l PHl → C∞(P nH) is defined as
follows: let f ∈ PHl , then T S(β∗(f)) is Sp(1) invariant, so that it can
descend to P nH and we denote the resulting function by T˜ (f)(P ), or
T˜ (f)vH(4.2)
=
1
2pi2
(pi)∗(T S(β∗(f))vS)
Note that β∗(f) is a polynomial of degree 2l onM(2,C)× · · · ×M(2,C)︸ ︷︷ ︸
n+1
.
By the same arguments for the operator T ◦Al, we see T˜ ◦Al = cl · Id
on each subspace Hl with a constant cl.
Proposition 4.1.
cl
=
√
|bS|vol(P
nH)
dimHl
√
pi
4
vol(S2)vol(S4n−1)
l + 2n+ 1/2
Γ(l + 2n)
Γ(l + 2n+ 1/2)
× 1√
2
Γ(2l + 4n+ 5/2)
(2pi)2l+4n+5/2
=
√|bS|
2
√
2pi
3
2
· 1
pi2l
· (l + 2n+ 1/4)(l + 2n+ 3/4)
(l + 2n+ 1/2)2
· Γ(l + 1)Γ(l + 2)
× Γ(l + 2n+ 1/4)Γ(l + 2n+ 3/4)
Γ(l + 2n + 1)Γ(l + 2n+ 1/2)
Proof. Let ϕ ∈ Hl, then
(T˜ S ◦ Al)(ϕ)(P ′)vH
=
1
2pi2
(pi ◦ piS)∗
((∫
PnH
ϕ(P ) 〈P, β(B)〉 l
C
vH
)
· e−pi‖B‖
√
|bS| ‖B‖−1/2ΩS
)
=
∫
PnH
ϕ(P )Ll(P, P
′)vH = clϕ(P ),
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where Ll(P, P
′) = T˜ (〈P, β(B)〉 l
C
). Of course, the fiber integration is
taken with respect to the variable B, and we put P ′ = pi ◦ piS(B).
As before, to determine the constant cl it is enough to calculate the
integral ∫
PnH
Ll(P, P )vH = cl dimHl.
Because of the invariance of Ll, we have for any point P ∈ P nH
cl
dimHl
vol(P nH)
vH = Ll(P, P )vH
=
1
2pi2
(pi ◦ piS)∗(〈P, β(B)〉 lC e−pi‖B‖
√
|bS| ‖B‖−1/2 ΩS)
=
1
2pi2
(pi ◦ piS)∗(((1/2) ‖Q‖2)le−pi‖B‖
√
|bS| ‖B‖−1/2ΩS)
=
1
2pi2
√
|bS|(pi ◦ piS)∗((‖q‖2 − ‖(q, p)H‖2)le−2pi‖q‖(2 ‖q‖)−1/2ΩS),
where we put B = ‖q‖ ρ(p) + ρ(q)√−1 and pi(p) = P . Then we have
Ll(P, P )
≡
√
|bS| ·
∫
R4n+3
(‖x‖2 − (x21 + x22 + x23))l · e−2pi‖x‖(2 ‖x‖)−1/2dx
=
√
|bS|
√
pi
4
vol(S2)vol(S4n−1)
l + 2n+ 1/2
Γ(l + 2n)
Γ(l + 2n+ 1/2)
1√
2
Γ(2l + 4n+ 5/2)
(2pi)2l+4n+5/2
.
Finally we have
cl
=
√
|bS|vol(P
nH)
dimHl
√
pi
4
vol(S2)vol(S4n−1)
l + 2n + 1/2
Γ(l + 2n)
Γ(l + 2n+ 1/2)
× 1√
2
Γ(2l + 4n + 5/2)
(2pi)2l+4n+5/2
=
√|bS|
2
√
2 · pi 32 ·
1
pi2l
· (l + 2n+ 1/4)(l + 2n+ 3/4)
(l + 2n+ 1/2)2
· Γ(l + 1)Γ(l + 2)
× Γ(l + 2n+ 1/4)Γ(l + 2n+ 3/4)
Γ(l + 2n+ 1)Γ(l + 2n+ 1/2)

From the above arguments we have
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Proposition 4.2.
T˜ ◦ T−1 = cl
al
Id
=
√
|bS|
|bH|
1
2
5
4
· (l + 2n+ 1/4)(l + 2n + 3/4)
(l + 2n)(l + 2n+ 1/2)
× Γ(l + 2n+ 1/4)Γ(l + 2n+ 3/4)
Γ(l + 2n+ 1/2)2
Id
on Hl. Hence T˜ is an isomorphism between h
G
H
and L2(P
nH), because
cl/al converges to
√
|bS |
|bH|2
−5/4 = pi/2 when l →∞.
Although the operator
√
al
cl
T˜ is unitary on each PHl , no constant
multiple of T˜ can be a unitary operator between hG
H
and L2(P
nH).
However we have similar properties as for the operator T , that is T˜
can also be understood as a quantization operator of the flow {σt}.
Theorem 4.3. (1) The operator T˜ is an isomorphism between the
spaces hG
H
and L2(P
nH).
(2) The following diagram is commutative
(4.3)
hG
H
σ∗
t−−−→ hG
H
T˜
y yT˜
L2(P
nH) −−−−−−−−−−−−→
e
−t
√
−1
√
∆H+(2n+1)2
L2(P
nH).
5. The reproducing kernel
In this section we show that the Hilbert space hG
H
has a reproducing
kernel.
We see easily that any function in hG
H
is holomorphic. Let f be in hG
H
and let f =
∑∞
l=0 fl with fl ∈ PHl , then we have
Bl(f) = Bl(fl).
Hence we have
f =
∑ 1
bl
Al ◦ Bl(f).
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Now we can rewrite this expression as
f(A′)
=
∑
l
1
bl
∫
E˜H
f(A)
(∫
PnH
〈P,A′〉l
C
〈P,A〉l
C
vH
)
× e−2 4
√
2pi
√
‖A‖√|aH| ‖A‖n+1ΩH.
Let
(5.1) R(A,A′) =
∑ 1
bl
∫
PnH
〈P,A〉l
C
〈P,A′〉l
C
vH,
then we have
(5.2) |R(A,A′)| ≤ vol(P nH)
∑ 1
2l|bl| ‖A‖
l ‖A′‖l .
From the expression of bl (Proposition 3.5) we know that
(5.3)
bl
bl+1
= O(l−4).
Hence R(A,A′) is a holomorphic function on E˜H × E˜H. In fact it is
holomorphic on all of the space M(2n+ 2,C) and we have R(A,A′) =
R(A′, A). By a similar estimation we have that for each fixed A′ ∈
M(2n+ 2,C), the function R(A,A′) of A is in hG
H
. In summary
Proposition 5.1. The Hilbert space hG
H
has the reproducing kernel
(5.4) R(A,A′) =
∑ 1
bl
∫
PnH
〈P,A〉l
C
〈P,A′〉l
C
vH,
and we have
|f(A′)| ≤ ‖R(A′, ·)‖ ‖f‖ .
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